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1. Introduction
From astrophysics and nuclear physics there is a high interest in fluids moving at relativistic speeds.
Relativistic jets (resulting from accretion onto compact objects) and gamma-ray bursts (GRB’s, high-
energy explosions of not yet determined objects in the universe, at cosmological distances from the
earth) can be modeled with the use of special relativistic hydrodynamics. Simulations of relativistic
jets have been performed by Aloy et al. [2] and of GRB’s by Piran et al. [21]. Also in the field of
heavy-ion collisions special relativistic hydrodynamics can be applied, see Csernai [4].
In the past ten years a lot of research effort has been put in the development of high resolution
shock capturing (HRSC) schemes to solve the special relativistic hydrodynamic (SRHD) equations.
Most of the schemes which were developed to solve the Euler equations of gas dynamics have been
extended to SRHD. In the following a concise list of methods is given: Godunov method: Mart´ı &
Mu¨ller [17]; Glimm’s method: Wen [25]; two-shock approximation: Balsara [3] and Dai & Woodward
[5]; Roe-type solver: Eulderink et al. [8, 9]; relativistic HLL (Harten, Lax, van Leer [11]) method:
Schneider et al. [23]; Marquina’s method: Donat & Marquina [6] and Marti et al. [18, 19]; symmetric
TVD schemes: Koide et al. [13, 14].
Fortunately, an analytical solution exists for the SRHD Riemann problem without [16] or with
[22] a tangential velocity component. Nevertheless, to my knowledge there are no numerical results
reported in the case of the quasi-1D Riemann problem. In this paper the quasi-1D Riemann problem
is studied and it is found that numerical errors of O(1) arise at the contact discontinuity (CD) in the
case of a jump in the tangential velocity component. The reason for this error is analyzed and possible
solutions are proposed and tested.
2. SRHD equations
In this paper we consider the quasi-1D SRHD equations. For a detailed derivation of the SRHD
equations see for example [15, 20, 24]. In the following the speed of light is put to unity (c = 1). Then
the SRHD equations can be written in the following conservative form:
∂U
∂t
+
∂F
∂x
= 0 , (x, t) ∈ (−∞,∞)× (0,∞)
2U(x, t = 0) = U0(x) , x ∈ (−∞,∞) . (2.1)
The conservative variables are defined in terms of the primitive variables density: (ρ), velocity in
x-direction (vx), velocity in y-direction (vy) and pressure (p).
U =


D
Sx
Sy
τ

 =


ρΓ
ρhΓ2vx
ρhΓ2vy
ρhΓ2 − p− ρΓ

 ,F =


Dvx
Sxvx + p
Syvx
(τ + p)vx

 , (2.2)
where Γ = 1√
1−(vx)2−(vy)2 is the Lorentz factor, h = 1+ γ¯
p
ρ is the enthalpy and γ¯ =
γ
(γ−1) . In the limit
c→∞ the Euler equations are recovered. The primitive variables are calculated from the conservative
variables by solving the following equation for p:
f(p) ≡ τ + p + D(1− Γ)− γ¯pΓ2 = 0 . (2.3)
The pressure can then be used to calculate the density and the velocity components according to:
ρ = DΓ
vx = S
x
τ+p+D
vy = S
y
τ+p+D
. (2.4)
In this paper four model problems are studied. They are defined by the initial conditions in Table 1.
The left (right) state is defined on the domain x ≤ 0.5 (x > 0.5).
Problem 1 Problem 2 Problem 3 Problem 4
L R L R L R L R
p 13.3 0.01 1000.0 0.01 1.0 1.0 1.0 1.0
ρ 10.0 1.0 1.0 1.0 2.0 1.0 1.0 1.0
vx 0.0 0.0 0.0 0.0 0.4 0.4 0.4 0.0
vy 0.9 0.0 0.6 0.0 0.9 0.0 0.9 0.0
Table 1: Left and right initial values for Problem 1, 2, 3 and 4.
Problem 1 and 2 are frequently used in the literature to test algorithms for solving the SRHD
equations, but with (vy)L = 0. A useful quantity to locate a CD is:
ψ = hΓvy . (2.5)
In Pons [22] it is shown that the quantity ψ only jumps across a CD.
3. Numerical solution
The starting point to discretize equation (2.1) is the Godunov approach [10]. A mesh is defined in the
(x, t)-plane in order to discretize equation (2.1). The computational domain is restricted to x ∈ [0, 1].
The points on the mesh are at locations (xi = i∆x, tn = n∆t) with i = 0, .., Nx and n = 0, .., Nt.
The discrete values of U(x, t) at (i∆x, n∆t) will be denoted by Uni and U
n
i is defined by:
Uni =
1
∆x
∫ x
i+12
x
i− 12
U(s, n∆t)ds . (3.1)
The conserved variables U(x, t) are advanced in time in the following way:
Un+1i = U
n
i +
∆t
∆x
(
Fi− 12 − Fi+ 12
)
, (3.2)
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where Fi+ 12 is the flux through the cell face located at xi+ 12 . To ensure that no waves interact within
a cell, the time step must satisfy the condition:
∆t = σ
∆x
Snmax
, 0 < σ ≤ 1 , (3.3)
where σ is the Courant number and Snmax the largest signal velocity in the domain at a certain time
step tn. In all following calculations we take for simplicity Snmax = 1, the speed of light.
In this paper different ways of approximating the flux on the boundary of the cell are used. The
eigenvalues (λp) and eigenvectors (rp) of ∂F∂U are known, see Donat [7]. They can be used in the
Lax-Friedrichs (LF) scheme. The flux is computed according to:
Fi+ 12 =
1
2
(
Fni + F
n
i+1 − Cmaxi+ 12 (U
n
i+1 − Uni )
)
, (3.4)
where
Cmaxi+ 12
= max[Cmaxi , C
max
i+1 ] , C
max
i = (maxp[|λp|])i . (3.5)
The Roe-approach developed to calculate the fluxes in the case of the Euler equations can be
extended to the SRHD equations as was done in Eulderink [8, 9]. The fluxes are computed according
to:
Fi+ 12 =
1
2
(
Fni + F
n
i+1 −
∑
p
|λˆp|αpep
)
, (3.6)
and
Uni+1 − Uni =
∑
p
αpep . (3.7)
The λˆp and ep are the eigenvalues and eigenvectors of the Roe-matrix defined as Aˆ(Uni+1, U
n
i )(U
n
i+1 −
Uni ) = F
n
i+1 − Fni . The explicit expressions for λˆp, ep and αp are given in Eulderink [8] pg. 19.
The Roe solver is complemented with the Harten [12] sonic entropy fix to eliminate expansion
shocks. It has the simple form:
|λˆp| → |λˆp| if |λˆp| ≥ β ,
|λˆp| → 12(
λˆ2p
β
+ β) if |λˆp| < β , β > 0 , (3.8)
for the p which represent the non-entropy waves. In the following we take β = 0.5. To the discretized
SRHD equations, the in/outflow boundary conditions at x = 0, 1: Un−1 = U
n
1 and U
n
Nx+1
= UnNx are
added.
4. Moving contact discontinuity
Problem 3 and 4 have been solved with both the Roe and the LF scheme. Both give the same type
of solution. At the CD there are quantities (p, vx) which are not constant in contrast to the theory
[22] which states that across a CD [p] = 0 and [vx] = 0. The bracket indicates the difference of the
quantity across a shock or a CD. It was found numerically that the non-constant behavior of some
quantities only exists if the CD is moving and if there is a jump in vy at the CD. In Figure 1 the
Roe solution is plotted for Problem 3 and 4. The LF solution is not plotted because it shows the
same behavior as the Roe solution. It is observed that for Problem 4 at the location of the CD the
density is not constant in contrast to the exact solution. The minimal value of the density dip is mesh
4independent, the dip only narrows with decreasing mesh size. Already Problem 3, a CD moving from
left to right, shows a large error arising at the CD. Figure 1 also shows that only at the CD ψ changes
rapidly. It was found, in the case of Problem 3, that if the numerical solution is diffusion free, take
∆t = ∆xspeed of CD, there are no oscillations in the pressure and in the velocity v
x. In the following
section Problem 3 is further analysed.
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a. Solution of Problem 3. b. Solution of Problem 4.
Figure 1: Solid line discrete exact solution. ∆x = ∆t, T = 0.4, Nx = 400.
4.1 Analysis of moving CD
The oscillations in the primitive variables already exist after performing one time step with equation
(3.2) independent of the used flux formula: Roe or LF. When computing from the conservative
variables the primitive variables the result does not give [p] = 0 and [vx] = 0 at the CD. In the
following, Problem 3 with ρL = ρR = 1 is analyzed in more detail. At t = n∆t the CD is at the cell
face xi− 12 of the i
th cell. The exact solution of this problem is known in advance: the left state UL is
propagated with speed vs = vxL from left to right. The discrete exact solution can be computed from:
Un+1i =
1
∆x
∫ x
i+12
x
i− 12
U(s, (n + 1)∆t) ds
= 1∆x
{∫ x
i− 12
+vs∆t
x
i− 12
UL ds +
∫ xi+12
x
i− 12
+vs∆t
UR ds
}
= σ˜UL + (1− σ˜)UR , σ˜ = vs ∆t∆x , 0 ≤ σ˜ ≤ 1.
(4.1)
In order to study how good the computed primitive variables approach the exact values we insert the
exact solution for the pressure (pn+1i = 1) and the density (ρ
n+1
i = 1) in equations (2.3) and (2.4).
This gives:
(vx)n+1i =
(Sx)n+1i
τn+1i + D
n+1
i + 1
= vs , (4.2)
(vy)n+1i =
(Sy)n+1i
τn+1i + D
n+1
i + 1
=
σ˜vyL(1− v2s)
1− v2s − (1− σ˜)(vyL)2
. (4.3)
The (vx)n+1i is correctly calculated and it can be shown that 0 < (v
y)n+1i ≤ vyL. The equation for the
density gives
f1 ≡ 1−Dn+1i
√
(1− (vxL)2 − ((vy)n+1i )2) = 0 , (4.4)
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and the equation for the pressure gives:
f2 ≡ τn+1i + 1 + Dn+1i (1− Γ)− γ¯Γ2 = 0 , (4.5)
with
Γ =
1√
1− (vxL)2 − ((vy)n+1i )2
. (4.6)
In Figure 2 two different situations (vyL = 0.5 and v
y
L = 0.9) have been plotted. It is clear that not for
all σ˜ both f1 and f2 are zero. It was also found that f1 = 0 and f2 = 0 if v
y
L = v
y
R ≥ 0 for 0 ≤ σ ≤ 1.
This was expected because we already mentioned that only if there is a jump in vy the solution of
Problem 3 contains oscillations in the pressure and the speed.
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Figure 2: f1 and f2 as function of σ˜.
5. Fixes for moving CD
In the following two sections different fixes for the problems mentioned in the last section are intro-
duced: the averaging method and the Simple Single Fluid (SSF) algorithm.
5.1 Averaging, fix for Problem 3
Let us first focus on Problem 3. In the following, use is made of the fact that the behavior of the
solution at the CD is known. The CD is located at the point where [ψ] = [hΓvy] = [Sy/D] = 0. In
a numerical calculation the location of the CD is not a point but as a result of numerical diffusion a
region of finite width. The algorithm for calculating the moving contact discontinuity in Problem 3
is:
1. First distinguish the region G where the CD is located with:
∣∣ψni − ψni−1
∣∣ >  ,  > 0 . (5.1)
2. Do a calculation with vy = 0. This gives (ρ, vx, p)n+1i . Because Problem 3 consists only of a
moving CD a correct calculation with vy = 0 would give the same result for (ρ, vx, p)n+1i .
63. Do a calculation with vy = 0. This gives (Sy)n+1i . It is observed that the combination of
(D,Sy, τ )n+1i calculated with v
y = 0 and (Sy)n+1i calculated with v
y = 0 does not give the
desired values of the primitive variables in the CD region.
4. Assume that with the above calculations (ρ, vx, p)n+1i and (S
y)n+1i are correctly computed. Now
demand that ∀i ∈ G:
(vx)n+1i =
(Sx)n+1i
τn+1i + D
n+1
i + p
n+1
i
, (5.2)
ρn+1i = D
n+1
i
√
1− ((vx)n+1i )2 −
(
(Sy)n+1i
τn+1i + D
n+1
i + p
n+1
i
)2
, (5.3)
τn+1i + D
n+1
i + p
n+1
i −Dn+1i Γn+1i − γ¯pn+1i (Γn+1i )2 = 0 . (5.4)
5. Equations (5.2), (5.3) and (5.4) are solved for (Sx, D, τ)n+1i :
Dn+1i =
ρn+1i√
2
√
1− ((vx)n+1i )2
√√√√1 +
√
1 + 4((Sy)n+1i )2
1− ((vx)n+1i )2
ρn+1i + γ¯p
n+1
i
, (5.5)
τn+1i = −Dn+1i − pn+1i +
|(Sy)n+1i |Dn+1i√
(Dn+1i )2(1− ((vx)n+1i )2)− (ρn+1i )2
, (5.6)
(Sx)n+1i = (τ
n+1
i + D
n+1
i + p
n+1
i )(v
x)n+1i . (5.7)
The calculated values for (ρ, vx, p)n+1i in Step 2 are only relevant in this specific problem because the
exact solutions for p, ρ, vx are the same for vy = 0 and for vy = 0.
In Figure 3(a) the solution to Problem 3 is plotted using the above described algorithm. The pressure
and the x-component of the velocity are on the whole domain constant. Figure 3(b) shows that an
increase of points results in a better approximation of the numerical solution. The above algorithm
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a. Dotted-dashed line indicates region G. Nx = 400. b. Solution for different Nx.
Figure 3: Problem 3, solid line represents discrete exact solution. T = 0.8, DT = DX and  = 0.1.
is not conservative anymore as a result of Step 5. This is illustrated in Figure 4 where a numerical
solution for Problem 3 with vyL = 0.915872, this corresponds to a Lorentz factor Γmax = 29.1, is
plotted. It is clear that the jump in vy is not located at the correct point. In the case of Problem 3
the method gives satisfactory solutions. In the next section the method will be extended to situations
where it is not possible to calculate (ρ, vx, p)n+1i with v
y = 0.
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Figure 4: Solution of Problem 3. Solid line represents discrete exact solution. Dotted-dashed line
indicates region G. (vy)L = 0.915872,Γmax = 29.1, Nx = 400, T = 0.8, DT = DX,  = 0.1.
5.2 Averaging, fix for Problem 4
Almost the same procedure as in the case of Problem 3 can be used. Only (p, ρ, vx)n+1i are calculated
in a different way. A more general criterion is used to define the region G. Therefore, the maximum
in the quantity ψ at time step n is introduced:
∣∣∣∣
∂ψ
∂x
∣∣∣∣
n
max
= maxi
(∣∣∣∣
ψni+1 − ψni−1
2∆x
∣∣∣∣
)
, i = 1..Nx. (5.8)
This maximum is labeled with i = imax. The algorithm then contains the following steps:
1. First do a time step with a Godunov-type scheme. This gives Un+1i .
2. Distinguish the region where the CD is located. This region G is defined by the points which
fulfill the condition:
IF
( |ψi − ψi−1|
∆x
> 
∣∣∣∣
∂ψ
∂x
∣∣∣∣
n
max
AND
|ψi+1 − ψi|
∆x
> 
∣∣∣∣
∂ψ
∂x
∣∣∣∣
n
max
)
THEN i ∈ G . (5.9)
It was found that as a result of diffusion the location of the CD is not exactly at the point
(|∂ψ/∂x|nmax. So a criterion to find the CD region can not only be built on the behavior of
∂ψ/∂x. To the above criterion the following criterion is added:
IF (i > imax AND (vy)i > δ) THEN i ∈ G , (5.10)
where unless otherwise stated δ = 10−6. This criterion is only relevant for the model problems
used in this paper.
3. In this region averaged values for (p, ρ, vx)n+1i are calculated according to:
pn+1i =
∑
j∈G p
n+1
j∑
j∈G
, ρn+1i =
∑
j∈G ρ
n+1
j∑
j∈G
, (vx)n+1i =
∑
j∈G(v
x)n+1j∑
j∈G
, i ∈ G . (5.11)
4. Step 5 described in Section 5.1 is used to calculate from (p, ρ, vx, Sy)n+1i the values for (D,S
x, Sy, τ )n+1i ,
∀i ∈ G.
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Figure 5: Problem 4 with T = 0.4,∆t = ∆x,  = 0.1.
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Figure 6: Problem 4 with T = 0.4,∆t = ∆x,  = 0.1.
In Figure 5 and 6 the corrected solutions for Problem 4 are plotted. They show good agreement with
the analytical solution.
Finally, the method is used to solve a more realistic problem. Consider Problem 1 with (vy)L = 0.9.
For this problem the density is not averaged in the region G but the original density, as calculated
in Step 1, is used. It was found that especially in the beginning the function ∂ψ/∂x fluctuates in the
region of interest. Therefore, the first ten time steps no fix is used. With this choice of the region G
Problem 1 can be solved successfully. This is illustrated in Figure 7. It is observed that the location
of the shock is improved substantially with respect to the solution without the special treatment of
the pressure and the velocity.
6. Simple single fluid algorithm
Another approach to overcome the pressure oscillations is to use the “Simple single-fluid” (SSF)
algorithm introduced in [1]. It uses the fact that for constant vy the numerical solution does not have
oscillations. The SRHD equations are split into two parts:
∂U
∂t
+
∂F
∂x
= 0 , (6.1)
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Figure 7: Problem 1 with vyL = 0.9. σ = 0.8, T = 0.4.
where
U =


D
Sx
τ

 , F =


Dvx
Sxvx + p
(τ + p)vx

 , (6.2)
and
∂ψ
∂t
+ vx
∂ψ
∂x
= 0 . (6.3)
In this method two fluxes are calculated:
FLi+ 12
(Uni , U
n
i+1, (v
y)ni ) , F
R
i+ 12
(Uni , U
n
i+1, (v
y)ni+1) . (6.4)
The Godunov scheme now looks like:
Un+1i = U
n
i −
∆t
∆x
(
FLi+ 12
(Uni , U
n
i+1, (v
y)ni )− FRi− 12 (U
n
i , U
n
i−1, (v
y)ni )
)
, (6.5)
and ψ is advected. It is observed that the characteristic decomposition for equation (6.1) is not the
same as for pure 1D SRHD because vy is now involved. After a long and elaborate calculation it was
found that the eigenvalues of ∂F∂U are:
λ0 = vx , λ± =
vx(1 + 12 (v
y)2(c2s + γ − 1)− c2s)
1− (vy)2(1− γ)− (vx)2c2s
+
±
√
1
4 (v
x)2(vy)4(c2s + γ − 1)2 + c2s((vx)2 + (vy)2 − 1)((vy)2(1− γ) + (vx)2 − 1)
1− (vy)2(1− γ)− (vx)2c2s
. (6.6)
The SSF-algorithm is used together with the LF-flux. We proceed as follows:
1. Initialize the primitive variables (W = (ρ, vx, p)T ) and the conservative variables
(U = (ρΓ, ρhΓ2vx, ρhΓ2 − p− ρΓ)T ) with Γ = 1√
1−(vx)2−(vy)2 .
2. Do a time-step according to equation (6.5). Take for the Lax-Friedrichs flux:
FLi+ 12
(Uni , U
n
i+1, (v
y)ni ) =
1
2
(
Fni + F
n
i+1 − Cmaxi+ 12 (U
n
i+1 − Uni )
)
vy=(vy)ni
. (6.7)
10
3. Calculate the primitive variables in each cell from Un+1i and (v
y)ni . Solve for p
n+1
i :
τn+1i + p
n+1
i + D
n+1
i (1− Γn+1i )− γ¯pn+1i (Γn+1i )2 = 0 , (6.8)
with
Γn+1i =
1√
1− ( (Sx)n+1i
τn+1i +D
n+1
i +p
n+1
i
)2 − ((vy)ni )2
. (6.9)
4. Calculate ψn+1 (upwind):
ψn+1i = ψ
n
i −
∆t
∆x
|(vx)n+1i |(
1
2
(1−sign((vx)n+1i ))(ψni+1−ψni )+
1
2
(1+sign((vx)n+1i ))(ψ
n
i −ψni−1)) .
(6.10)
5. Use Wn+1i and ψ
n+1
i to calculate (v
y)n+1i :
(vy)n+1i =
ψn+1i
hn+1i
√√√√1− ((v
x)n+1i )2
1 + (ψ
n+1
i
hn+1i
)2
. (6.11)
6. Use Wn+1i and (v
y)n+1i to calculate U
n+1
i
7. Go to 2
The results for Problem 3 are shown in Figure 8. It is clear that the method keeps p and vx constant.
The jump in vy is a little out of phase with respect to the exact solution. This is not a surprise
because the method lost its conservative character. The results for Problem 4 are shown in Figure 9.
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Figure 8: Problem 3. T = 0.4,∆t = ∆x.
The slow-moving shock is not captured well. Especially the jump in vy is not captured. To overcome
this inaccuracy the SSF-algorithm is only used in the region of the CD. This is achieved by defining
the CD region G as in equation (5.9). The results for Problem 4 are plotted in Figure 10. This figure
shows that the numerical solution tends to the analytical solution.
Unfortunately, also this algorithm has a drawback. It is demonstrated in the next example, take
Problem 3 with ρL = 1.0, ρR = 10.0 and v
y
L = 0.6. Figure 11 shows a bump in the v
y profile. The p
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Figure 9: Problem 4. T = 0.4,∆t = ∆x,Nx = 400.
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Figure 10: Problem 4. T = 0.4,∆t = ∆x,  = 0.01.
and vx are still constant. If instead of updating ψ, Sy is updated with an upwind algorithm then this
bump disappears. So in step 4 of the SSF algorithm ψ is exchanged for Sy. And step 5 now becomes:
(vy)n+1i =
−1 +
√
1 + 4a2(1− ((vx)n+1i )2
2a
, a =
(Sy)n+1i
(ρh)n+1i
, (6.12)
and (vy)n+1i = 0 if (S
y)n+1i = 0. To define the region G it is used that ψ
n+1
i = (S
y/D)n+1i .
How good is the method in solving a more realistic problem? Take Problem 2 in Table 1. The
results are plotted in Figure 12. Two different definitions of region G are used. The results show
that this choice of region G has got a great impact on the solution. The region G1 is defined with
equation (5.9) and region G2 with equations (5.9) and (5.10). The region G1 defined by ψ in equation
(5.9) is too small compared to the actual, smeared CD region. Therefore an unpractical algorithm
is introduced. It is only used to show that the SSF method works in principle, if the CD region is
correctly defined. The region G2 is extended to the points defined by equation (5.10). The figure
shows that with this definition of the region G the numerical solution is less out of phase as is the
case for the pure LF solution and for the solution with the region G1 defined by only equation (5.9).
In Figure 13 a mesh refinement study is shown, indicating convergence to the analytic solution.
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Figure 11: Problem 3. In old SSF ψn+1i is calculated. In new SSF (S
y)n+1i is calculated. T = 0.4,∆t =
∆x,  = 0.01 and for new fix  = 0.1.
7. Conclusions
In the case of a CD with a jump in the tangential velocity component a conservative scheme cannot
calculate correctly the solution. Strict conservation has to be abandoned. Two schemes are proposed:
the averaging scheme and the SSF scheme. Both schemes can handle the CD but need an accurate
location of the CD. Especially, for more realistic problems the solution is sensitive to this parameter
dependent choice of locating the CD. It was observed that both schemes can dramatically improve
the shock location in the case of Problem 1 and 2.
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